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Abstract

A real polynomial is called Hurwitz (stable) if all its zeros have
negative real parts. For a given n € N we find the smallest pos-
sible constant d, > 0 such that if the coefficients of F(z) = ag +
a1z + ...+ apz™ are positive and satisfy the inequalities agpags1 >
dpag—1ak+2 for k=1,2,...,n—2, then F(z) is Hurwitz.

2000 Mathematics Subject Classification 30C15; 12D10; 30D15; 34D99;
26C10; 15A57.

1 Introduction and statement of results.

A real polynomial F' is called Hurwitz (stable) if all its zeros have negative
real parts, i.e. F(z9) = 0 = Re zy < 0. Polynomial stability problems of
various types arise in a number of problems in mathematics and engineering.
We refer to [5, Chapter 15] or [11, Chapter 9] for deep surveys on the stability
theory.

The following statement (usually attributed to A. Stodola, see, for exam-
ple, [12]) is the well-known necessary condition for a real polynomial to be
stable.



Statement A. F(z) = ap+ a1z + ... + a2z € Rz, a, > 0, is stable
=a; >0, 0<j<n-—1

The following famous theorem gives the necessary and sufficient condi-
tions for a polynomial to be stable.

The Routh-Hurwitz Criterion (see, for example, [5, pp. 225-230]).
The polynomial F(z) = ap + a1z + ... + anz", a, >0, is stable if and only
if the first n principal minors of the corresponding Hurwitz matriz

Ap—1 Ap—3 QAp—p 0

Ay Op_o Qp_4 0

H(F) = 0 ap—1 OGp-3 0
0 Ay Ap—2 0

are positive.

Note that the verification of positivity of principal minors is, in general,
a very difficult problem. In [3] T. Craven and G. Csordas obtained the
following useful and easily verified condition of positivity of all minors of a
matrix.

Theorem A. Denote by ¢ the unique real root of 2 — b5x? + 42 —1=0
(¢ =~ 4.0796). Let M = (a;;) be an n x n matriz with the properties
(a) a;; >0 (1 <4,j <n)and
(b) aijaiy1j41 > € aijraaipr; (1 <47 <n—1).
Then all minors of M are positive.

Using Theorem A and continuity reasonings D.K. Dimitrov and J.M. Pena
proved the following theorem.

Theorem B [4]. Let ¢ be defined as in Theorem A. If the coefficients of
F(z) =ap+ a1z + ...+ a,z" are positive and satisfy the inequalities

Qg1 > é(lk_l(lk+2 fO’r' k= 17 2a s, 27
then F(z) is Hurwitz. In particular, the conclusion is true if

az > \/Eak_lakH for k=1,2,....,n—1.

In [8] the authors of this note have proved that Theorem A remains valid
if one replace the constant ¢ by the constant ¢, := 4 cos? 5. In [8] it is also
shown that in the statement of Theorem A the constant ¢, is the smallest



possible not only in the class of matrices with positive entries but in the
classes of Toeplitz matrices and of Hankel matrices. We recall that a matrix
M is Toeplitz matrix if it is of the form M = (a;_;) and a matrix M is Hankel
matrix if it is of the form M = (a;4;). In this paper we will show that the
constant ¢,, is not the smallest possible in the class of Hurwitz matrices.

The natural problem is: for a given n € N what is the smallest possible
constant d,, such that if the coefficients of F(2) = a9 + a12 + ... + a,2"
are positive and satisfy the inequalities agary; > dpap_1ar2 for k =
1,2,...,n—2, then F(z) is Hurwitz? Our main result is the following theorem
which solves this problem.

Theorem 1. Let xg be the (unique) positive root of the polynomial
3 — 2% — 2z — 1 (1o ~ 2.1479).
1. If the coefficients of F(z) = Zi:o apz® are positive and satisfy the inequal-
ities agagy1 > 2ax_1ax12  for k=1,2 then F(z) is Hurwitz. In particular,
the conclusion s true if a,% > \/Ea/k_la/k_l,_l for k=1,23.
2. If the coefficients of F(z) = 22:0 apz® are positive and satisfy the in-
equalities apagy1 > ToGg_10pr2 for k = 1,23, then F(z) is Hurwitz. In
particular, the conclusion is true if ai > \/Toay_1ax+1 for k=1,2,34.
3. If the coefficients of F(z) = > ,_,axz®, n > 5, are positive and satisfy the
inequalities apaxy1 > Toag_1akro  for k=1,2,... n—2 then F(z) is Hur-
witz. In particular, the conclusion is true if ai > \/Toap—1ak41 for k =
1,2, .n—1.

Note that ) )
k1 Gk Ayt

Af—10f+2 A—10k 41 Qplpro’

and thus the following theorem demonstrates that the constants in Theorem
1 are the smallest possible for every n.

Theorem 2.
1. For every d < /2 there ewists a polynomial F(2) = Y\_,ax?* with
positive coefficients under condition ai = day_iayy; for k =1,2,3, such
that F(z) is not Hurwitz.
2. For every d < \/zg there exists a polynomial F(z) = Zi:o apz® with
positive coefficients under condition a2 = daj_japy1  for k=1,2,3,4, such
that F(2) is not Hurwitz.
3. For every n > 5 and every € > 0 there exists a polynomial F(z) =
ZZ:O apz® with positive coefficients under condition a% > (\/To — €)ag—10k41
fork=1,2,...,n—1, such that F(z) is not Hurwitz.

Theorem 1 may be generalized for entire functions as follows.
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Theorem 3. If the coefficients of G(z) = Y 1, axz® are positive and
satisfy the inequalities agapi1 > xoax_1ar12 for k € N, then all zeros
of G(z) have negative real parts. In particular, the conclusion is true if
a% > /Toag—1ap41 for k€ N.

As we will show in the proof of Theorem 2 the constant in Theorem 3 is
the smallest possible.

To prove Theorem 1 we use the famous Hermite-Biehler Criterion. The
following statement is a version of the Hermite-Biehler theorem.

The Hermite-Biehler Criterion of stability. (see [2] and [6], or [10,
Ch. VII)). Let F(z) = Y p_oaxz" be a polynomial with positive coefficients.
The polynomial F s stable if and only zf the following two polynomials f(z) =
Z}gﬁj(—l)magmzm and g(z) = ZZ (- 1)/QJ( 1)™ag9m412™ have simple real
interlacing zeros.

We will use also the following result by Hutchinson [7, p. 327].

Theorem C. Let f(z) = > o ,arz’, ap > 0, Vk. Inequality a2 >
4an, 1an11, Yn > 1, holds if and only if the following two properties hold:
(i) The zeros of f(z) are all real, simple and negative and
(ii) the zeros of any polynomial >_;_  arz®, formed by taking any number of
consecutive terms of f(z), are all real and non-positive.

Theorem C is closely connected with the above mention sufficient con-
dition for a matrix to have positive minors. About the connection between
the property of a polynomial to have only real non-positive zeros and the
positivity of minors of certain matrix see, for example, [1].

2 Proof of Theorems 1 and 3.

It is well-known (and easy verified) that polynomials of degree 1 and 2 with
positive leading coefficient are stable if and only if all their coefficients are
positive.
Let F(z) = ap+aiz+...+a,2" be a polynomial with positive coefficients.
Denote by
5= L j<i<n—2 (1)
Q51542
Let F(z) = Z?:o a;z’ be a polynomial with positive coefficients. Polyno-
mial F' is stable if and only if s; > 1 (see, for example, [12, p. 34]). Really,
for F(z) = Z?:o a;z! we have f(z) = ap — asz and g(z) = z(a; — azz). Both



polynomials have simple real zeros, and these zeros interlace if and only if
0< Z—g < Z—; s> 1.

Proof of Theorem 1. To prove Theorem 1 we will use the Hermite-Biehler
Criterion of stability. Let us prove the statement 1 of Theorem 1.

For F(z) = Z?:o a;z? we have f(z) = ap — agz + asz* and g(z) = z(a1 —
azz). Using our notations we can express two zeros of the polynomial f(z) in

such a way:
ag S152 4
to=—22 (17 1—-—).
1,2 a9 2 < T 8182)

These zeros are real and distinct since min(sy, sy) > 2. Two zeros of the

polynomial g(z) are t§ = 0, t} = o 51, they are real and distinct. The

T a

polynomial F(z) is stable if and only if

4 4
(il (R R I L S [NEDY i D))
as 2 51S9 as as 2 5159

The first inequality in (2) obviously holds.

The second inequality in (2) is equivalent to so (1 — /1= 81482> < 2. The
left-hand side of this inequality is strictly decreasing in sq, so this inequality
follows from s9 (1 —4/1- 22> < 2 (we paste s; = 2). The left-hand side of

the last inequality is strictly decreasing in sy, and for so = 2 the left-hand
side is equal to the right-hand side. By these reasons the second inequality
in (2) holds.

The third inequality in (2) is equivalent to so (1 +4/1— 51432) > 2. Since
min(sy, s2) > 2 the last inequality is true.

Thus, polynomial F(z) = E?:o a;z? with positive coefficients is stable
provided min(sy, s2) > 2.

Let us prove the statement 2 of Theorem 1. For F(z) = Z?:o a;z) we
have f(2) = ag—azz+as2? and g(z) = 2(a; —azz+as2?). Using our notations
we can express two zeros of the polynomial f(z) in such a way:

ag S152 4
to=——2(1F4/1——).
1,2 a9 2 < - 8182>

These zeros are real and distinct since min(sy, s2) > x¢ > 2. The polynomial
g(z) has three distinct real zeros which can be written in such a way:

1 1
te =0, t*:@8132253 (1— 1——), = 2021729 <1+ 1——).

a9 59853 a9 2 $9853
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The polynomial F(z) is stable if and only if

4 4
0 < J051%2 (1— 1——)<@313233 (1— 1——) (3)
as 2 5159 as 2 5283

05152 (44 1_i o Qos1%2%s [, 1_i _
(05} 2 S1S2 (05} 2 S983

The first inequality in (3) obviously holds.

The second inequality in (3) is equivalent to (1 A - > <

5152

S3 <1 — /1 -4 > . The left-hand side of this inequality is strictly decreas-

5283

ing in s;, and s; > z¢ > 2 so this inequality follows from <1 — /1= %) <
S3 <1 — /1= > (we paste s; = 2). The right-hand side of the last inequal-

5283

ity is strictly decreasing in s3 and limg, .o S3 (1 —4/1— ﬁ) = %, so the

second inequality in (3) follows from the obvious one (1 —4/1- %) <2

= 52'
Thus, the second inequality in (3) is true.
Let us check that under our assumptions the third inequality in (3)

holds, or, equivalently s3 (1 — /1 -2 > < <1 +4,/1 -4 ) The left-

5283 5182

hand side of this inequality is strictly decreasing in s3, the right-hand side is

strictly increasing in s, so this inequality follows from xg (1 —4/1— Sz‘;g) <

<1 +4/1— x;‘”) , or, equivalently, (1+x¢),/1 — 8;0 > xg— 1. The left-hand
side of the last inequality is strictly increasing in sg, and the last inequality
follows from (1+x¢),/1 — fg > 9 — 1 or, equivalently, 23 — 23 — 22y —1 > 0.
By the definition of x this is true. Thus, the third inequality in (3) holds.
Let us check that under our assumptions the fourth inequality in (3)

holds, or, equivalently 1 + /1 — 81‘22 < s3 (1 +4/1— 52453) . The left-hand

4
S182

side is strictly increasing in s; and limg, oo 1+ 4/1 — = 2, so the last in-

equality follows from 2 < s3 (1 +,/1 -2 > The right-hand side is strictly

s283 )
increasing in sy > xg > 2, so the last inequality follows from the obvious
inequality 2 < s3 <1 +4/1— %) . So, the fourth inequality in (3) holds.
Thus, polynomial F(z) = Z?:o a;z’ with positive coefficients is stable
provided min(sy, sq, $3) > xo.



Remark. It follows from the proof of the statement 2 of Theorem 1 that
if min(sy, sa,83) > o then t§ < t; <t} <ty <t (the notation is the same
as in the proof of statement 2 of Theorem 1).

Let F(z) = > p_,axz", a; > 0, be a polynomial satisfying the condition
sj >xy for j=1,2,...,n—2. Without loss of generality we can assume
that ag = 1. Denote by

pj = ,1=12 ... n (4)
a;
Using this notation we can write
9 n z 22 2"
Fz)=14az4+az"+...+a2" =14+ —+ —+... + ——.
P11 PiP2 pip2 - .- Pn

To prove the statement 3 of Theorem 1 we need some lemmas. The state-
ment below is the direct consequence of the statements 1 and 2 of Theorem
1 and Remark. ) .

Lemma 1. Let f(Z) =1- p12p2 + p1p§p3p4’ g(z) =1- p2zp3 + p2P§p4p5’
where p; > 0,1 < j < 5. Suppose that pjio/p; > xo, where xq is equal to the
unique positive root of the polynomial 23— 2% —2x—1. Denote by 0 < 11 < x9

the zeros of f, 0 < x} < a3 the zeros of g. Then

2

g(x2) <0,  f(x7) <O0. (5)
[ff =—1+ p3Zp4’ ?] =1- p;ps’ then
g(ws) <0,  f(z) <0 (6)

We need the following Lemma.
Lemma 2. Let

()

PL P1P2 P1P2 - - - Pn

be a polynomial with p; > 0 and min{%, 1<j<n-—1}>1. Denote by
J

z 22 o 1.
1_p_j+pjpj+17 ifj=1,2,...,n—1;

Ry(z,F) = { 1+ =, ifj=0; (®)
1- £, if j =n.



Then
(—1)]F([E) > _Kj(aj)Rj(ajaF)a Pi—2 < T < P43, ] = 07 L... o (9)

where K;(x) >0, p; =0 for j <1, and p; = oo for j > n.
Proof of Lemma 2. Let us fix j € {1,2,...,n— 1}. We have

_1\J _ Jj—2 1)k+i

(~17F(@) = ((~17 + TR ()M =) + (10)
_ axit xJ _ i+l n _1\j+k__a* .

[ P1P2"'Pj—1+P1P2"‘Pj P1p2~'ﬂj+1]+zk:j+2( 1y p1p2 Pl

j—1 J J+1
21(1') + [_Plpj"Pj—l + Plpa;"/?j N Plﬂjmpjﬂ] + ZQ(x)

$k+1

For every x € (pj_2,pj+3) e PV holds for 0 < k < j — 3.
So for all x € (p;j_2, pjt+3) summands in 3;(x) are alternating in sign and
their moduli are increasing. Analogously for all © € (p,_2, pj+3) summands
in Yp(z) are alternating in sign and their moduli are decreasing. So 3 (z) >
0, Xa(x) > 0 for all x € (pj_2,pj43), sofor j=1,2,... ., n—1

(1 F@) > - o i1 ( |
N vz + - » T E (pPj-2,Pj+3)-
P1P2- - Pi—1 PP P P1P2 Pt J g+( |

11

Thus (9) is proved for j =1,2,...,n— 1.
For j =0 (9) follows from the inequality

"
F(x +E —1’1‘C > —Ro(x, F), 0 <z < p3.
)= 2 P1P2 " Pk ol ) 3

k

We use the fact that for 0 < x < p3 the summands in Zzzz(—l)km
are alternating in sign and their moduli are decreasing. So the sign of this
sum coincides with the sign of the first summand (for & = 2) and this sign is
positive.

For j =n (9) follows from the inequality

(F"F(e) = = (1= )+ (1)

3

—2 k n—1
k+n

> —
k:l P1P2 " Pk P1P2** Pn—1

Ru(x, F), pp_o < x < 0.



We use the fact that for p, o < x < co the summands in the expression

((—1)" R Ny o ) L plp”ipk> are alternating in sign and their moduli are
increasing. So the sign of this expression coincides with the sign of the last
summand (for kK = n — 2) and this sign is positive. O
Lemma 3. Let F(z) =1— >4 2- — ...+ (-1)" —=— n >3, bea
polynomial with p; > 0 and min{ p]“, 1 <j<n-—1}>4. Let polynomials
Ri(z,F),j=0,1,....,n, be deﬁned by (8).
1. Polynomial R; z) =1,2,. — 1, has simple real zeros, which we
denote by 0 < wi(j) < wa(y).

(
2. Polynomial F(z) has simple real zeros 0 < 11 < g < ... < p.
3. wi(j) > pj, w2(j) < pjs1-
4o Picip; < x5 < \/Ppipit1, § = 1,2,...,n, (where we put pg =1, ppy1 =
+00).
J. Tj < Wl(j)7 Tjp1 > w?(j)’ .7 = 1727 s — L.
Proof of Lemma 3. Since min{%, 1<j<n-—1}>4then

n

R ,\/\_//\

R; (Vo F) =2— [P <0, 1<j<n—1.
Pj

The statements 1 and 3 of Lemma immediately follow from this. The fact
that min{pi)—fl, 1 <j<n-—1} >4 implies that polynomial F(z) has simple

real zeros is the well known (see, for example, [9]). This fact and statement
4 of Lemma follow from the statements:

F(\/M)>Ov _F(\/M)>07 F(M)>O7'”v (12>
(1" F(/poipn) > 0, lim,_o[(—1)"F(z)] = +o0.

The last statement is obvious, the rest of inequalities is the direct conse-
quence of (9). Since for all z € (wi(j),wa(j)) we have R;(z,F) < 0, j =
1,2,...,n — 1, than the statement 5 is the direct consequence of (9). O
Let us prove now the statement 3 of Theorem 1.
By the Hermite-Biehler criterion the polynomial F' is stable if and only
if the following two polynomials

Ln/2]

f(z) =) (~1)"aznz"

m=0



and
[(n—1)/2]

92 =2 D () aamia”

m=0

have simple real interlacing zeros.

Since
Cl2 (05} 1Q2 A2mA2m+1 n — 2
2m m— m mU2m 2
= >xp >4, m=1,2,...,| 5 1,
A2m—2A2m+2 A2m—202m+1 A2m—102m+2
and
a3 A2mA2m41  A2m4102m42 n—3
2m—+1 o mWlm m m 2 _
= 2x0>4,m—1,2,...,L 2 J,
A2m—102m+3 A2m—1A2m+2  A2mA2m+3

polynomials f(z) and ¢(z) have simple real zeros. It remains to prove that
under our assumptions zeros of polynomials f(z) and g(z) are interlacing.

We need the following notations. Let P be a real polynomial. Denote
by Ny (P) the number of zeros of P in the interval (a,b). Denote by
0 <t <ty <...<tpz zerosof f(z) and by 0 =t5 <t} <t5<... <t"[nT_1J
zeros of g(z). We obtain the fact that zeros of polynomials f(z) and g(z) are
interlacing as a consequence of the following lemma.

Lemma 4.
. n
N(tjytjﬂ)(g) >1, 5=12,..., L§J — 1. (13)
) n—1
N(t;7t;+1)(f) 217 ]:172a"'7L 9 J - L (14>

Proof of Lemma 4. For F(z) =14 = + 2 44— we have

pip2 P1p2..-Pn

flz) =1— =2+ —=_ 4 andgz) = 2(1 — =2 + —=2— 4 ).

p1p2 P1p2p3p4 p1 p2p3 P2p3p4aps
Put ¢1(z) = g(2)p1/z. Note that the polynomial f has the form (7) with
p;j = P2j—1D2; and the polynomial g; has the form (7) with p; = pojpajr1. We
will consider the polynomials R;(z, f) for j = 0,1,2,..., %] and R;(z, g1)
for j =0,1,2,..., L”T’lj, these polynomials are defined by (8).
At first we will prove (13) with n > 7. By Lemma 3 we have t; <
wi(J), tj41 > wa(y), where wy(j),w2(j) are zeros of R;(z, f). To prove (13) it

is sufficient to prove that

(_1)j_191(w1<j)) > 07 ] = 1727 SRR L_J - 1? (15>

10



(=1 lgi(wa(f)) <0, j=1,2,..., LEJ — 1. (16)
By (9) we have A
(=1 'gi(t) > —K;—1 () Rj—1(t, g1), (17)
where pyj_¢p2j—5 < t < pojpabojys, J=1,2,...,[5];
(_]‘)jgl<t> > _Kj(t)Rj(tvgl)a (18>

where pyj apaj 3 < t < pareprrr, J=0,1,2,...,[5] — 1. In (17) and
(18) the functions K;(t) are positive. By the statement 3 of Lemma 3 we
have po;_1p2; < wi(j) < w2(j) < p2js1P2jte, so inequalities (17) and
(18) are valid for ¢ € (wy(j),w2(5)), J=1,2,...,[5] — 1. In (17) we apply
Lemma 1 with f(t) = Rj_1(t,91), J=2,3,...,15] =1, [f(t) = Ro(t,q1)
and g(t) = R;(t, f), j=1,2,...,[5] —1. We have

Ri(wi(j),01) <0, j=1,2,..., ng ~1. (19)
From (17), (19) we obtain (15).

In (18) we apply Lemma 1 with f(t) = R;(t, f) and §(t) = R;(t,q1), j =
1,2,..., %], If nis an odd number, then |*31] = [£]. If n is an even num-
ber we also apply Lemma 1 with g(t) = Rj»| (¢, 91) and f(t) = Riny (2, f).
We have n

Rj(WZ(.j>agl) < Oa ] = 1a27 R L§J -1 (20)

From (18), (20) we obtain (16).

The statement (14) with n > 6 can be proved analogously. By Lemma 3
we have t7 < wi(j), tj; > wy(j), where wi(j),w;(j) are zeros of R;(z,g1).
To prove (14) it is sufficient to prove that

n—1

()77 (@) <0, =12, [—5—=] = L, (21)
(1 ) > 0, =12 P (22)
By (9) we have 4
(=17 f(t) > =K@ Ry (¢, f), (23)
where P2j—5DP2j—4 < t < P2j+5D2j+6; 17=12 ..., LgJ — 1 and
(=1 (1) > =K () Rt ), (24)

11



where D2j—3P2j—2 < t < D2j+7P25+8; j =0,1,2,..., LnT—IJ —1.In (23) and
(24) the functions K(t) are positive. By statement 3 of Lemma 3 we have
P2jP2j+1 < wi(j) < w3(j) < p2jyop2j+s, so inequalities (23) and (24) are
valid for t € (wi(j),w3(4)), J =1,2,...,[%*] — 1. Using (23), (24) and
Lemma 1 (analogously to the proof of (15) and (16)) we can obtain (21) and
(22). Thus, (14) is proved.

Applying (21) and (22) for n = 6 we have

fwi) <0, flws) >0,

where wi,wj are zeros of the polynomial R;(z,g1) = ¢1(z). Besides this
f(0)=1>0, z‘/lim f(t) = —o0.

Thus, (13) is proved for n = 6. O
So, zeros of polynomials f(z) and g(z) are interlacing. Applying (13) for
7 =1 we have
g1(wi(1)) >0,

where w;(1) is the smallest zero of the polynomial R;(z, f). Besides this
g1(0) =1 > 0. Thus, t; < wi(1) < t].

Theorem 1 is proved. [

Proof of Theorem 3. To prove Theorem 3 we use just the same reasonings
as in the proof of Theorem 1. Instead of the Hermite-Biehler Criterion of
stability for polynomials we will apply the following generalization of the
Hermite-Biehler theorem on entire functions of order not greater then 1 and
minimal type of growth.

Theorem HB [10, Chapter 7]. Let G(z) = > oo a2, ar > 0, be an
entire function of order not greater then 1 and minimal type of growth. All
zeros of G have negative real parts if and only if the following two entire
functions f(z) = Y7 (=1)maymz™ and g(z) = 2 o (—=1)"agmi12™ have
simple real interlacing zeros.

Let us consider a function G(z) = Y ;7 axz" with positive coefficients
under condition agayy1 > xoag_1ar+2 for k € N. Note that

A2k+1 Q2 A2k+1a2k A2k —1A2k—2 aza
+ - —_ + . AR Z ;Ug, k Z 1,
A2k+2 A1 A2k42a2k—1 A2k A2k —3 aqaq
and a a a91a a a asa
2k 1 2k A2k —1 2k—202%—3 201
L= . 29618, k>1.

A2k+1  Ag A2k+102k—2  A2k—102k—4 aszao

12



So we have

1 as 1 a
Qok+2 < — © =t Qokyl, Qo1 S —p - Aok, k> 1
Ty 7 Ty Qo
Whence
< 1 Qo < 1 Ao Q1 <
A2k+2 = —p - — " 2k41 > —op - T A2 S
Ty Qi ! 0

1 a 2 1 a b

2 2
e [ azkgs...§—~<—> az, k>1.
x(Q)k+2(k71) <a0> xlg(kJrl) ao

Analogously

Aok+1 < c— oy < —5—

1 a9 2 < < ]. a9 k /{ > 1
“ok_149k—3 "\ k-3 > ... > 73 | — a1 - L.
ngk 14+2k—3 ap ng ao )

It is well-known that the order of an entire function with coefficients ay, is
given by the expression limsup,, log‘l(‘;f‘"_l (see, for example [10, Chapter
1]). So, G is an entire function of order 0.

It is easy to prove that statements of Lemmas 2, 3, 4 remain true for the
entire function G. It follows from this that Theorem 3 is true.

Theorem 3 is proved. [

S
o=

3 Proof of Theorem 2.

Let us prove the statement 1 of Theorem 2. We consider a polynomial
Ts(z) = 2?21 a;j(B)z7 = 14 (P2 + B*22 + 223 + 24,3 > 0, and note
that for this polynomial s;(8) = % = 3% j = 1,2. We have
Ts(z) =22 ((z2 +272) + B3(2 + 271) + %) . Denote by w = z+ 2! and note
that Re z < 0 & Re w < 0. We have Tjs(2) = 2*(w? + 3w + 4* — 2). Tt is
obvious that quadratic real polynomial is stable if and only if all its coeffi-
cients have the same sign. So Tj(z) is stable if and only if 8* —2 > 0. In
other words, if s1(8) = s2(8) = 3* < 2 then polynomial Tj(z) is not stable.

To prove the statement 2 of Theorem 2 we consider a polynomial Mz(2) =

22:1 bj(B)27 =1+ Bz + 3522 + 3% + p*2* + 25,8 > 0, and note that for
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this polynomial s;((3) = % = 3%, j=1,2,3. We have

Mg(z)=(z+1) "+ (B8 - 1)+ (B° = B* + 12>+ (B — 1)z + 1) =

+1D2(+2 )+ (B —D(z+2 )+ (8- p'+1))

Using the notation w = z + 27! we can write
Mg(z) = (2 +1)2° (w* + (B = Dw + (8° = ' = 1)) .

Since sign(Re z) = sign(Re w), Mg(z) is stable if and only if 35— 3*—1 > 0.
Note that (8 — g* — 1)(3° + g + 1) = 312 — 8 — 2% — 1 and polynomial
3%+ 4%+ 1 has no positive zeros. Thus Mjp(z) is stable if and only if 3* > z,
where x is the unique positive root of the polynomial 2% — 22 — 22 — 1, and
for % < g the polynomial Mg(2) has zeros with positive real parts. So if
51(8) = s2(B) = s3(B) = B* < =z, then polynomial Mz(z) has zeros with
positive real parts thus it is not stable.

Let us prove the statement 3 of Theorem 2. Obviously, for every € > 0 we
can choose (3 in such a way that zo —e < 3* < . So, the polynomial Mpy(2)
has zeros with positive real parts. For every € € (0, z() we denote by § = (xo—
£/2)1,5008 >0, 6* > zg—e. For n = 6 we put Qy6(2) = Ms(2)+712%,791 > 0.
Since Mj;(z) has zeros with positive real parts, ()., ¢(2) has zeros with positive
real parts for 7; being small enough. For the polynomial @, ¢(2) we have
51 =59 =583 =0">x9—¢,and 54 = ﬁ > 1y — ¢ for v, being small enough.
For v, chosen below and n = 7 we put Q., 7(2) = Q., 6(2)+722",72 > 0. Since
(), 6(2) has zeros with positive real parts, ()., 7(2) has zeros with positive
real parts for 7, being small enough. For the polynomial @, 7(2) we have
51:52:53:54>x0—€,54:ﬁ>x0—5ands5:ﬂi>x0—€f0r
v2 being small enough. Reasoning analogously we can construct the example
needed for every n > 5 and example of an entire function.

Theorem 2 is proved. [

Acknowledgement. The authors are deeply grateful to the referee for
valuable remarks and suggestions.
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